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Abstract 

In this article, we prove that there exists at least one chord orbit of 
Hamilton vector field connecting the Legendre submanifold on a given 
energy stable hypersurface in some symplectic manifolds. 

Demonstration de existence de chord orbital de hamiltonien en 
une stable hypersurface dans une variete symplectique. 

Resume. Soit S une hypersurface close en variete symplectique, 11 est 
de montrer que 11 existe sur S une chord orbital de hamiltonien. 
Keywords Symplectic geometry, stable hypersurfaces, chords. 
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1 Introduction and results 



Let S be a smooth oriented manifold of dimension 2n—l in a 2?7,— dimensional 
symplectic manifold (M, cu), here uj is the symplectic form. We call (S,a;|E) 
a Hamiltonian structure. Then there exists a characteristic vectorfield Xs 
so called Hamilton vector field defined by ix^uj\^ = 0. The Une bundle 
/ generated by Xj^ is called characteristic line bundle. The line bundle / is 
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uniquely determined by c<;|S. Let £ C S be a (n—l) dimensional submanifold, 
if £ is transversal to Xs and u\C = 0, we call C Legendre submanifold. A 
Hamilton- Arnold chord in E is a smooth path x : [0, T] E, T > with 
x{t) = Xs{x{t)) for t e (0,r) and x{0),x{T) e C. 

A Hamiltonian hypersurface (S,i7|E) is called stable{see[10]) if there 
exists a diffeomorphism \1' : (—1, 1) x S ^ [/ onto some open neighbourhood 
f/ of E such that \l'(0,a;) = x for all x G E, and in addition T\l/5(/s) = 
for all 5 e (-1, 1), := •) and E^ = x E). 

Example Let (E, A) be a contact manifold with contact form A of di- 
mension 2n— 1, then a Legendrian submanifold is a submanifold C of E, which 
is (n — l)dimensional and everywhere tangent to the contact structure ker A. 
Then E is a stable hypersurface in its symplectization and £ is a Legendre 
submanifold in Hamilton case. In this case Arnold in [3] raised the conjecture: 
Let Aq be the standard tight contact form Aq = ^{xidtji — ijidxi + X2dy2 — 
y2dx2) on the three sphere = {(xi, X2, 2/2) ^ R'^\xl + yf + xl + y2 = 1}. If 
f : ^ (0, cxo) is a smooth function and £ is a Legendrian knot in S'^, then 
there is a characteristic chord for (/Ao,i2). This conjecture was discussed in 
[1, 7]. In [11], it is first observed that the evolution of Legendre submani- 
fold under Reeb flow forms a Lagrangian submanifold and then Gromov's 
theory on J— holomorphic disk with boundary in a Lagrangian submanifold 
can apply. Unfortunately, the detail of proof in [11] contains a gap. This gap 
was filled by Mohnke's closing Lagrangian submanifold in [12]. Mohnke's 
improvement is crucial to fill the gap. 

Let {M,uj) be a symplectic manifold and h{t,x){— ht{x)) a compactly 
supported smooth function on M x [0, 1]. Assume that the segment [0, 1] is 
endowed with time coordinate t. For every function h define the {time — 
dependent) Hamiltonian vector field Xht by the equation: 

dht{r))^uj{r),Xh,) for every rjeTM (1.1) 

The flow gj^ generated by the fleld Xfn is called Hamiltonian flow and its 
time one map g\ is called Hamiltonian dif f eomorphism. 

Now assume that H he a, time independent smooth function on M and 
Xh its induced vector field. 

Let (M, u) be a symplectic manifold. Let J be the almost complex struc- 
ture tamed by a;, i.e., u){v, Jv) > for v e TM. Let J the space of all tame 
almost complex structures. 
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Definition 1.1 Let 

s{M, oj, J) = inf { / f*u > 0\f : ^ M is J - holomorphic} 

J 



Definition 1.2 Let 



s{M,uj) = sup l{M,u, J) 
JeJ 



Let W he a submanifold in M. 



Definition 1.3 Let 

/(M,^,a;) =inf{| [ fu;] > 0\f : (D^dD^) ^ {M,W)} 

Theorem 1.1 Let (M, a;) be a closed compact symplectic manifold or a man- 
ifold convex at infinity and M x C be a symplectic manifold with symplectic 

form a; © cr, here (C, a) standard symplectic plane and -Bro(O) C C the closed 
ball with radius tq. Let H he a smooth stable hypersurface in M x S,.(,(0), 
Xh its Hamilton vector field, and C d H a Legendre submanifold. Assume 
that Let27rrQ < min{s{M,u),l{M,C,u)}. Letrjt be the Hamilton flow ofXn- 
Assume that W — y^t&{-oo,oo)'nt{^) is bounded in E. Then there exists at least 
one chord of Xh connecting C onT:. 

Let (P, uj) be a close symplectic manifold or a manifold convex at infinity 
and H{t,x){— Ht{x)) a compactly supported smooth function on P x [0, 1]. 
Assume that the segment [0,1] C is endowed with time coordinate t. As 
in [9], we define a Hamiltonian K : P x x Rhy K{v,t,b) = Ht{v) + b. 
Then A'~^(0) is a stable hypersurface. Let L be a close Lagrangian in P, then 
L = L X {0} X {0} is a Legendre submanifold in K^^{0). One easily check 
Lr\gto{L) ^ for some > 0, i.e., there exists a chord in this case. It seems 
that the conditions in Theorem 1.1 can be weakened. 

Theorem 1.2 Let {M,u) be an exact symplectic manifold, i.e., oj — da for 
some 1 — form a. Assume that (M, uj) is convex at infinity (see[8]). Let H be 

a time independent smooth function on M and Xh its induced vector fi.eld. 
Let S = H^^{c) he a smooth compact stable hypersurface in M and there 
exists a Hamiltonian diffeomorphism h such that flS = 0. Let C gT, be 
a Legendre submanifold. Assume that , 1{M, C,lu)} = oo. Then there exists 
at least one chord of Xh connecting C onT.. 
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Corollary 1.1 Let M be any open manifold and {T*M,da) be its cotangent 
bundle. Assume that H be a time independent smooth function on T*M and 
Xff its induced vector field. Let E = H~^{c) he a smooth close stable hyper- 
surface in T*M and Let C G be a Legendre submanifold. Assume that , 
1{M, C,u))} — oo. Then there exists at least one chord of Xh connecting L 
on E. 

Note that any bounded open set in T*S^ can be symplectically embedded in 
C as bounded open set,by Theoreml.l, we have 

Corollary 1.2 Let M be any close manifold and {T*{M x S^),da) be the 

cotangent bundle of M x . Assume that H be a time independent smooth 
function on T*{M x S^) and Xh its induced vector field. Let S = H^^{c) 
be a smooth close stable hypersurface in T*{M x S^) and Let £ C E 6e a 
Legendre submanifold. Assume that , 1{M, C,u>)} — oo. Then there exists at 
least one chord of Xh connecting C onT.. 

Theorem 1.1-1.2 can be generalized to the products of symplectic mani- 
folds in Theorem 1.1-1.2. The proofs of Theoreml.1-1.2 is same as in [11, 12]. 

2 Lagrangian Non-Squeezing 

Theorem 2.1 ([13])Let {M,uj) be a closed compact symplectic manifold or 
a manifold convex at infinity and M x C be a symplectic manifold with sym- 
plectic form u>(B a, here (C, cr) standard symplectic plane. Let27rrQ < s{M,u) 
and -Bj.g(0) C C the closed disk with radius Tq. If W is a close Lagrangian 
manifold in M x BrglO), then 

l{M,W,u) < 2-Krl 

This can be considered as an Lagrangian version of Gromov's symplectic 
non- squeezing ( [8] ) . 

Corollary 2.1 (Gromov[8])Let {V',uj') be an exact symplectic manifold with 
restricted contact boundary and oo' = da' . Let V xC be a symplectic manifold 
with symplectic form to' (Bo' = da = d{a' (Bao), here (C, a) standard symplectic 
plane. If W is a close exact Lagrangian submanifold, then 1{V' x C,W,u>) — 
oo, i.e., there does not exist any close exact Lagrangian submanifold in V'xC. 
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Corollary 2.2 Let be a close Lagrangian in i?^" and L{R'^"' , L"- , to) = 
27rrQ > 0, then can not he embedded in -Bro(O) as a Lagrangian submani- 
fold. 

3 Construction Of Lagrangian 

Let {V, u) be a symplectic manifold and E be a oriented hypersurface in 
M. Let £ be a close isotropic or Legendre submanifold contained in S, i.e., 
u\c = 0. Let if be a smooth function such that S = H~^{0) and Xh be 
its Hamilton vectorfield. Let rjg be the Hamilton flow near E induced by 
Xh- Let S he a smooth compact hypersurface in V which intersects the 
hypersurface E transversally and contains C. Furthermore, S is transversal 
to the hamilton vector field Xh- Let s{x) be the time to S of hamilton 
flow rjs which is well defined in the neighbourhood Usj^{S)- Let Xs be the 
Hamilton vector field of S on Ug^ and be the flow of Xs deflned on t/^^. 
Since Xs{H) = {s, H} = -{H, s} = -Xh{s) = -1^0, here {, } is the 
Poisson bracket, so Xs is transversal to E. Then, there exists such that 
Ct{x) exists for any x e Us^iS fl E), \t\ < IOOSq- Let Lq = Llt<So^t{jO,) - One 
has 

Lemma 3.1 Lq is a Lagrangian submanifold in {V,u))- 
Proof. Let 

F:[-So,5o\ xC^Qs 

0=6(0)- (3.1) 

Then, 

F*uj = F*u + ixs^^ dt 

= - {ds\S) A dt = (3.2) 

This checks that Lq = F{[—5o, Sq\) x C) is Lagrangian submanifold. 

Lemma 3.2 Let M = E fl and ujm = uj\M. Then there exist 5q > and 
a neighbourhood Mq of C in M such that G : Mq x [— 5oi ^o] x [— <^o] ~^ V 
defined by G{m,t, s) = ?7s(6(m)) is an symplectic embedding- 

G*uj ^UM + dtAds (3.3) 
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Proof. It is obvious. 

Let Ut = G{Mt X [—do, 60] x [— T, T]). If there does not exist any orbit 
of Xh connecting Lq in a neighbourhood Qs{^) of E and Mt is a very small 
neighbourhood oi £, then s{x) and Xs is well defined on Ut- Therefore, there 
exists St such that the flow ^t{x) of Xs exists for any x G Ut, \t\ < 1005^. Let 
Uo = Us,{S n S) n Ut, Uk = VksAUo) cUT,k = l, kT. Let Xk = Xs\Uk. 
Let Xk = ?7fc5o*^o- We claim that X^ = X^. Since s{x) and H{x) is defined 
on Ut and {H,s} = 1, so $,t{Vs{x)) = Vsi^tix)) for x e C/t- Differentiate it, 
we get Xsirjsix)) = r)s^:Xs{x). Take s = k, one proves Xk = Xk- Recall that 
the flow ^t{x) of Xs exists for any x G Us^^{S fl S), |t| < lOO^o- So, the flow 
^^'^(x) of Xj. exists for any x G Uk, \t\ < 100(5o. Therefore, the flow (x) of 
Xk exists for any x G U^, \t\ < IOO^q. This Proves that the flow Ct{x) Xs 
exists for any x G Ut, \t\ < lOOc^o- 

Theorem 3.1 (Long Darhoux theorem) Let M = llr\S , ujm = uj\M. Let Mq 
as in Lemma 3.2. Let{U^,uj') = {MTx[-6o,So]x[-T,T],UM + dH' Ads'). If 
there does not exist any orbit of Xh connecting Lq in Qs{T,), then there exists 
a symplectic embedding G : U't ^ Qs defined by G{m, H' , s') — Vs'iCH'inT)) 
such that 

G*u = cum + dH' A ds'. (3.4) 

Proof. We follow the Arnold's proof on Darboux's theorem in [2]. Take a 
Darboux chart U on M, we assume that ujm\ = Z^^IV^ dp[ A dq'^. Now com- 
puting the Poisson brackets {,}* of {p[, q[; ...,p'2n_-^^, q'2n^i; H' , s') for G*u; 
on C/^. Let Pl{G{p[, q[; ...,p'2^_„ q'^^.,; H' , s')) = m^vAp' ,q')) = and 
Q',{G{p[, q[; ...,p'2n-i, q^-i. H', s')) = Q'MH'nAp'. q')) = i = 1, 2n - I. 
{H',sr = G*u;{m^,ir) = u;{G,^,G,£) = u{Xh,Xs) = 1, {H',p'^* = 
GMm^^ir) = uj{G,^,G.^) = u{Xh,Xp.) = -Xp,{H) = 0. Simi- 
lary. = 0. Similarly, \s',H'Y = 1, = 0,{s',g,'}* = 0. 

Note that u = ^V^, so {p'^q'^}* = G*u{^^,^J = uj{G.^^,G.^) = 

6ij. This shows that the Poisson brackets {, }* is same as the Poisson brackets 
{, }' for u>'. So, uj' = G*uj. This finishes the proof. 

If l{M,C,uj)} — -|-oo,take a disk Mq enclosed by the circle Eq which is 
parametrized by i G [0, ^o] in {s',H') — plane such that Mq C [— 2so,2so] x 
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[0,e] and area{Mc) > 2soe. If < 1{M, C,uj)} < +00, take a disk Mq as 
before with area{Mo) = kl{M, C,u)}, k is an integer given later. 
Now one checks that L — G{C x £^0) satisfy 

u\L^G*uj{Cx Eo) = dH' Ads'\Eo = Q. (3.5) 

So, L is a Lagrangian submanifold. 

Lemma 3.3 If there does not exist any orbit connecting Lq in {Qs,Xh), 
then L is a close Lagrangian submanifold. Moreover 

l{V,L,u)) =min{l{M,£,Lj),area{MQ)} (3.6) 

Proof. It is obvious that F is a Lagrangian embedding. If the disk D with 
boundary circle C homotopic to the disk Di with boundary Ci G Cx sq then 
we compute 

/ F*(uj) = / F*(u;) = kil(M,C,u)}, h is an integer. (3.7) 

JD JDi 

If the circle C homotopic to Ci G Iq x then we compute 

/ F*uj= [ F*u^n{area{Mo)). (3.8) 
Jd Jeo 

This proves the Lemma. 

3.1 Gromov's figure eight construction 

First wc note that the construction of section 3.1 holds for any symplectic 
manifold. Now let {V',uj') be an exact symplectic manifold with u' = da'. 
Let S = H^^{0) be a regular and close smooth hypersurface in V. H is a. 
time-independent Hamilton function. If there does not exist any orbit of Xh 
connecting Lq in Qs{T,), one can construct the Lagrangian submanifold L 
as in section 3.1, let W = L. Let ht = h{t, ■) : V ^ V , < t < 1 he a 
Hamiltonian isotopy of V induced by hamilton fuction Ht such that /ii(S) fl 
E = 0, \Ht\ < Co- Then Fj. = ht : W — > V be an isotopy of Lagrangian 
embeddings. As in [8], we can use symplectic figure eight trick invented by 
Gromov to construct a Lagrangian submanifold W in V — V x R'^ through 
the Lagrange isotopy F' in V, i.e., we have 
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Proposition 3.1 Let V , W and F' as above. Then there exists a weakly 
exact Lagrangian embedding F : W x V x R'^ with W = F{W' x S^) 

is contained in V x Bii{0), here AnR^ — SCq and 

l{V,W,uj) = l{V',W',uj'). (3.9) 

Proof. Similar to [8, 2.35^]. 

Example. Let M be an open manifold and {T*M,pidqi) be the cotan- 
gent bundle of open manifold with the Liouville form Pidqi. Since M is open, 
there exists a function g : M ^ R without critical point. The transla- 
tion by tTdg along the fibre gives a hamilton isotopy of T*M : hj{q,p) = 
{q,p + tTdg{q)), so for any given compact set K C T*M, there exists T — Tk 
such that hJ{K)nK = 0. 

4 Nonlinear Fredholm Alternative 

Take To > such that 1{V, W,uj) > 27rro. Assume that on ff~^(0) there does 
not exist any orbit with time T < Tq connecting Lq, then by the results in 
section 3, we have a close Lagrangian submanifold W = LotW = F{W' x S^) 
contained in V = M x i?ro(0) or F x i?^p(0). By Lagrangian non-squeezing 
theorem, i.e.. Theorem 2.1, we have 

l{V,W,u;) <2nrl (4.1) 

This is a contradiction. This contradiction shows that there is a orbit with 
T <To connecting Lq. 

5 Proof on Theorems 

Proposition 5.1 (see[6])Let {V^ui) be a symplectic manifold. Let T: be a 
oriented hypersurface in M. Then (E,a;|E) is stable if and only if there exists 
a 1—form and a characteristic vector field R such that 

X{R) = 1 and inidX) = 0. (5.1) 

Set oj = u\Ti+daX onU = Ex (— e, e), then by Darboux-Weinstein theorem(see[4]), 
{U, uj) is symplectomorphic to a neighbourhood U of E in M. Note that the 
characteristic vector field 7?^ = i? on E^ = E x {a}. 
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Proposition 5.2 Let C d H he a closed Legendre suhmanifold,i.e., uj\c = 
0. Let H = a be a Hamilton function on U and Xa its induced Hamilton 
vector field. Let Sq be a smooth hypersurface in E which contains JC. Let 
S = SqX (— £, e) . Let s{x) be the arrival time function ofx to S. Let Xs be the 
induced Hamilton vector field and the flow of Xs- Then Lq = U|t|<j^f(£) = 
C X (—£,£) and La = C^- {a} C is a close Legendre submanifold in E^. 

Proof. It is obvious. 

These two propositions finish the proofs of theorems. 
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